Abstract. A differential system describing compressible miscible displacement in a porous medium is given. The concentration equation is treated by a Galerkin method and the pressure equation is treated by a parabolic mixed finite element method. Optimal-order estimates in L and almost optimal-order estimates in L°° are obtained for the errors in the approximate solutions under the condition that h + (logh~' ) '2 -► 0. This condition is much weaker than one given earlier by Douglas and Roberts for the same model. Furthermore, we obtain the L°°(L (i2))-estimates for the time-derivatives of the concentration and the pressure, which were not given by the above authors. In addition, we also consider newer mixed spaces in two or three dimensions.
Introduction
We shall consider a two-component model for the single-phase, miscible displacement of one compressible fluid by another in a reservoir Q. c 5 of unit thickness. Let ci denote the concentration of the z'th component of the fluid mixture, i = 1,2. Assume that the density pi of the z'th component and the pressure p satisfy the equation of state in the form dp¡/pi = z(dp , where zi is the constant compressibility factor for the z'th component. The Darcy velocity of the fluid is given by u --|V/>, where k = k(x) is the permeability of the medium and p = p(cx, c2) is the concentration-dependent viscosity. Let D be a 2 x 2 matrix, D = y> dmI, where <p = tp(x) is the porosity of the rock, / is the identity matrix, and dm is the coefficient of molecular diffusion. The model we consider is governed by the following differential system: The differential system (1.1) under the conditions (1.2) and (1.3) has been carefully derived by Douglas and Roberts [4] , using sound physical reasoning. In [4] , two numerical schemes for approximating the solution of the system (1.1)-(1.3) were given. In both procedures the concentration equation (1.1b) was treated by a parabolic Galerkin procedure. In their second scheme the pressure equation was treated by a parabolic mixed finite element technique. The error analysis of the procedures was carried out under the assumptions that the solution is smooth, i.e., q is smoothly distributed, the coefficients are smooth, and the domain has at least the regularity required for a standard elliptic Neumann problem to have H (Q)-regularity, and more, if the piecewise-polynomial spaces used in the finite element procedures have degree greater than one. Furthermore, the coefficients a, d, <p are assumed to be bounded below positively. The mixed space used in [4] is that of Raviart and Thomas. In this paper we also consider the newer spaces such as the BDM space [3] in two dimensions, the BDFM space [2] , and the Nedelec space [8] in three dimensions.
Optimal L -estimates and quasi-optimal L°°-estimates for the errors have been given in [4] under the conditions that the maximum diameters hc and h for the "concentration finite element space" and the "pressure finite element space," respectively, satisfy certain restrictions [4, relations (4.18 ) and (4.28)]. One of the purposes of this paper is to show that one can replace these restrictions by a much weaker condition (see (4.31 ) below) and at the same time obtain optimal L -estimates and quasi-optimal L°°-estimates. In addition, those optimal results hold for the newer spaces of [2, 3, 8] . Our analysis differs from that of [4] in one fundamental aspect. The mixed elliptic projection [4, equation (4.1) ] is replaced by a nonlinear version of the elliptic projection presented in [6] .
The rest of this paper is organized as follows. In §2, we give the weak formulations of the system (1.1 )-( 1.3) and discuss the associated finite element spaces. Section 3 is devoted to the error estimates for the concentration equation. The error estimates for the pressure equation are derived in §4, and the main results of the paper are contained in Theorem 4.1. In §5 we extend our results to three dimensions. A relation (5.1) relating discretization parameters is found, and optimal results are proved under this relation.
Weak formulations and finite element approximations
We begin by putting (Lib) into the following equivalent form:
,
L (Q) . Using Green's formula and (1.2), we have
Thus, the weak form of (2. c(x, t) = c*(x, t) + c0(x), p(x, t)=p*(x, t)+pQ(x), The spaces Vh and Wh can be the spaces of Raviart and Thomas [10] for k > 0, or the spaces of Brezzi, Douglas, and Marini [3] for k > 1. If the Raviart-Thomas spaces are used, (2.9b) and (2.9c) are also valid for m = k+1. The discrepancy in the range of the index m makes any attempt at handling the two spaces of the same index k simultaneously rather awkward. Hence, we will carry out the error analysis only for the Raviart-Thomas space of index k . From now on we shall assume Vh x Wh to be the space of [10] . To obtain results for the BDM space of [3] , one needs only to replace every occurrence of k by k -1 in Theorem 4.1. This is so because the error analysis below depends only on (2.9) and (4.6) (with obvious modifications on the range of the index when the BDM space is used). Hence, any result in Theorem 4.1 obtained for the Raviart-Thomas space of index k is also valid for the BDM space of index k -1. In other words, the error analysis for these two spaces are identical.
The semidiscrete finite element approximation for problem (2.5)-(2.7) amounts to finding a map {C, U, 5} : / -> Mh x Vh x Wh such that (a) (^,z)+(Z)VC,Vz) + (è(C)c/,Vz)
From (2.6) and (2.7), we have
Then, setting / = 0 in (2. lObii) and using (2.10c) and (2.11), we obtain (2.12) U(0) = 0.
Error estimates for the concentration equation
In the analysis below, all functions of c are assumed to be extended outside [0, 1] in some smooth fashion. Write Ç = C -c, Ç = c-c, subtract (2.5) from (2.10a), and apply (3.1) to obtain^,
By selecting the test function z = §f, and using the boundedness of ||c|j and || |f ||, , it follows from (3.2) that i d ( da d¿:\ /n"0í _ôî <K {K\\2 + dt : 
The remaining terms of (3.7) may be treated the same way as above. Hence, j-(e(C)U-VC-e(c)u-Vc),< 
Error estimates for the pressure equation
In this section we first give error estimates for the pressure equation. These estimates are then combined with the estimates obtained in §3 to yield the main theorem of the paper.
To estimate the errors in the approximation of the pressure equation, we again introduce an elliptic projection in the sense of Johnson and Thomée [6] . Let (a, p) £ Vh x Wh be the solution of the system IIP -Pilo,oc < \\P -rhpP\\0,oo + W\P "Pilo,«, <Khkp + i\Ogh;\\\u\\k+x + \\p\\k+2), k>0.
As for the L2-estimates for §¡(u-u) and §-t(p -p), we differentiate (4.1) in time to show that (a) fo.-{a-u),w) + (^t(p-p),wj=0, w£Wh, Select w = |f -rh |f and v = |f -Th^f in (4.12) and proceed as in deriving
.'da..de.
. du rrdu\ (d, . dp dp 
Differentiate (4.16) with respect to time to show that dj dt
Select the test functions w = |f and v = |y in (4. We want to show that t* = T. By the well-known imbedding inequality [11] for two space dimensions, By repeated use of (4.6) and (4.32) in the way shown above, we obtain the main theorem of this paper. For the case of using the Raviart-Thomas space of index k , k > 0, we thus have where Kx0 depends on Ks.
As for the case of the BDM space of index k , k > 1, replace every occurrence of k by k -1 in (4.36)-(4.38).
Extensions to space in three dimensions
In this section we indicate possible extensions of the analysis in the previous sections to three dimensions. The pressure equation can be approximated using the spaces of [2, 8] . The error analysis can be carried out in the same way, assuming different relations between the discretization parameters. given in [4] .
